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SUMMARY 

Rate equations are given for film diffusion-controlled, differentially small 
ion-exchange processes in a finite solution volume. Two possibilities of performing 
differential ion-exchange reactions were considered: (1) reactions in which, inde- 
pendent of the initial ionic composition of the sample, the same small amount of 
counter ions is added, and (2) reactions in which, depending on the initial ionic 
composition of the sample, the amount of counter ions added is adjusted so as al- 
ways to yield the same differential conversion of the sample. The theory shows in 
which way the rate of a differential ion-exchange process, which may involve ions of 
arbitrary valency, depends on the diffusion coefficients of the ions in the film, on the 
selectivity of the ion exchanger, on the initial ionic composition of the sample and 
on the extent of each differential reaction. It is shown that at any given initial ionic 
composition of the sample, the ratio of the initial rate of the forward to that of the 
corresponding reverse differential ion-exchange process is independent of the dif- 
fusion coefficients of the ions. 

INTRODUCTION 

Investigations on the kinetics of ion-exchange processes are’ important not 
only for the economic employment of synthetic ion exchangers in industry, but also 
to give a better understanding of many of the ion-exchange processes that occur in 
nature, e.g., in the soil or in biological membranes. Contrary to investigations on the 
rates of complete conversions of ion exchangers, which have been carried out over 
many years, determinations of the rates of differentially small ion-exchange reactions 
have been studied only recently. These studies, in which the ion exchanger is, inde- . 
pendent of its initial ionic composition, converted only to a very small extent, offer 
several advantages : (1) information is obtained on the dependence of the rate of ion 
exchange as a function of the initial ionic composition of the ion exchanger; (2) quanti- 
ties such as the separation factor, the diffusion coefficients or the water content of the 
sample, which, in general, depend on the ionic composition of the ion exchanger, can 
be considered to be constant within the small range of a differential ion-exchange 
process; and (3) a better understanding of many of the ion-exchange processes that 
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occur in nature, during which, in many instances, only very small amounts of ions 
are exchanged at a time, can be expected. 

The kinetics of differential ion-exchange processes under infinite solution con- 
ditions were investigated first by Dickel and Kiirner’ for particle diffusion-controlled 
and by Bunzl and Dicke12-4 for film diffusion-controlled ion-exchange processes. 
For many substances with ion-exchange properties, e.g., soil constituents, however, 
the experimental procedures of simulating an infinite solution by a streaming solution 
are not applicable, as their particle size is too small to enclose them in a wire screen 
cage. 

For this reason, it seemed appropiate to us to investigate differential ion- 
exchange reactions under the finite solution conditions. of a batch procedure. For 
this purpose, ion exchanger particles of a given initial ionic composition are first 
suspended in well-stirred pure water in a thermostated reaction vessel. The differential 
ion-exchange process, the rate of which one wants to determine, is then started by 
adding only a very small amount of counter ions, B, to this mixture. When investi- 
gating the rates of differential ion-exchange processes according to this method as a 
function of the initial ionic composition of the ion exchanger, the following two 
possibilities controlling the extent of each reaction are conceivable. (1) The amount 
of ions B added in each experiment to the ion exchanger, which contains initially 
ions I3 and D, is always the same. In this case, the total concentration, c, of all counter 
ions I3 and D in the solution will be constant throughout every differential ion- 
exchange process, but the extent of each differential ion-exchange reaction decreases 
as the initial equivalent fraction of B in the sample increases. (2) The counter ions F3 
are always added to the ion exchanger in such an amount that the extent of each dif- 
ferential ion-exchange reaction is constant, regardless of the initial ionic composition 
of the sample. In this case, increasing amounts of counter ions B have to be added to 
each experiment as the initial equivalent fraction of B in the sample increases. 

In this paper, the theory describing the rates of differential ion-exchange pro- 
cesses under finite solution volume conditions is considered. As the concentration 
of the solution must always be very dilute in order to yield only differential ion- 
exchange processes, film diffusion was considered as the rate-determining step. Both 
possibilities for performing differential reactions as mentioned above are considered. 
In addition to calculating the rates of such reactions as a function of the initial ionic 
composition of the sample, of the selectivity coefficient and of the diffusion coeffi- 
cients, the ratios of the rates for forward and reverse differential ion-exchange processes 
at a given initial composition were also investigated. 

THEORY 

Dzrerential batch ion-exchange processes, initiated by adding small, but always con- 
stant, amounts of counter ions (AC = constant) 

Equilibria. The experimental procedure is as follows. The ion exchanger par- 
ticles are loaded with counter ions B (subscript 1) and D (subscript 2) and suspended 
in well-stirred pure water in a thermostated reaction vessel. A small amount of B 
ions (dissolved in water) is added to this suspension at time t = 0. If this amount of 
B ions added is small compared to the total ion-exchange capacity of the sample, 
the ion-exchange reaction thus initiated will convert the sample towards the I3 form 
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only by a small differential amount (e.g., a few percent). The rate of this differential 
reaction is measured by conventional procedures. In order to obtain the desired in- 
formation on the rate of ion exchange as a function of the ionic composition, the above 
experiments are carried out with different initial equivalent fractions of B in the ion 
exchanger. This set of differential measurements can be carried out most conveniently 
if one starts with the pure D form of the resin and uses (after washing with water) 
the equilibrium ionic composition of the sample attained in the first experiment as 
the initial ionic composition of the next experiment, and so on. As the same amount 
of ions is added every time in this type of measurement, regardless of the initial ionic 
composition of the sample, the extent of each differential reaction will become smaller 
the higher is the initial equivalent fraction of B in the resin. The equilibrium values 
and hence the extent of each differential ion-exchange reaction as a function of the 
initial equivalent fraction and of the equivalent separation factor, ai, can be derived 
for arbitrary valent ions from the equation 

(1) 

where Cr., and C2.,, and G.~ and c~,~, are the concentrations of the counter ions I3 
and D (in moles of ion per litre) in the ion exchanger phase after attainment of equilib- 
rium (i.e., f = 00) and the concentrations of these ions (in moles of electrolyte per 
litre) in the solution at t = 00, respectively; rlC and rzc are the stoichiometric coeffi- 
cients for ionization of the two electrolytes BrlCArl,, and DrzcArza present in solution 
(A is the common co-ion); and p I.* and yl,m are the equilibrium equivalent fractions 
of the counter ions in the ion exchanger and in the solution, respectively. 

The initial equivalent fractions of the counter ions in the resin at t = 0 are 
given by 

Pi.0 = 21 Go/C (2) 

(i = 1 or 2), where z1 are thevalencies of the counter ions and C,,,denotes C1 at t = 0. 
Eqn. 2 holds, of course, also at the equilibrium if one replaces the subscript 0 by 00. 
C(mequiv./ml) is the total volume ion-exchange capacity of the water-swollen sample, 
given by 

C = 21 Cl,, + 22 c2.r (0 G t G 00) (3) 

As to V. ml of water, in which the ion exchanger particles are suspended by stirring, 
a small amount of B ions is added, the total equivalent concentration of counter ions 
in solution (in mequiv./ml) will increase from zero at t = 0 by 
an equivalent concentration, which is constant throughout the 
given by 

a small amount dc to 
entire experiment and 

(4) 

where c~,~ are the concentrations (in moles of electrolyte per litre) of the ions B and 
D in solution at time t. According to the above experimental conditions, we have 
c2,0 = 0 and thus dc = rJ,Czlcl,o. Note that for consistency with the diffusion coeffi- 



172 K. BUNZL 

cients introduced later according to the theory of irreversible thermodynamics’, 
c,(f) has the unit moles of electrolyte per litre and c has the unit milliequivalents per 
litre. After addition of the small amount of the electrolyte solution containing B 
ions, the final solution volume is now given by V (ml). The boundary condition of the 
batch system under consideration is then given by 

rzc t2 c2(0 = V’ Zl [Cd0 - Go1 = w c [PdO - YI.01 (5) 

where w = r/V (l/ml = volume of the ion exchanger suspended in the reaction vessel 
in V ml of solution). Inserting eqns. 4 and 5, which also hold, of course, at t = 00, 
into eqn. I, we obtain for the equilibrium equivalent fraction, Yr,,,, of a differential 
ion-exchange reaction, which started at jjl,,,, the equation 

?I.00 = [I/W + 4aH) - b]/2a (6) 

where 

a = up (1 - a:); 

H = at (Wjjl.0 + WC); 

and 

b = w [u: - jji,,, (1 - u;)] + a: AC/C 

The extent of a differential ion-exchange reaction is then given by Ag, = pl,m - pl,o. 
The dependence of LIT, on the initial ionic composition and on the equivalent sepa- 
ration factor a:, as calculated according to eqn. 6, is shown in Fig. 1. The constants 

Fig. 1. Extent A91 of differential ion-exchange processes as a function of the initial equivalent frac- 
tion pISo of the ion exchanger, calculated according to eqn. 6. The values of the constants in this 
equation were taken as w = 0.0001, V = 200 ml. c = 0.0001 mequiv./ml and C = 5 mequiv./ml. 
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used for the system were: IV = V/ V = 0.0001; V = 200 ml; dc = 0.0001 mequiv./ml; 
and C = 5 mequiv./ml, which corresponds always to adding (independent of the ini- 
tial ionic composition of the resin) 1 ml of a 0.02 N solution of J3 ions to 0.1 mequiv. 
of ion exchanger suspended in 199 ml of water. Fig. 1 shows how the extent of a 
differential ion-exchange reaction decreases the more the sample contains initially 
the ion to be taken up. 

Rate equations. In order to obtain only differentially small ion-exchange re- 
actions, the amount of counter ions added must be small (dc will be about 0.0001 IV, 
see above). For ordinary ion-exchange resins, the rate-determining step will thus be 
diffusion of the ions through the Nernst film surrounding the ion exchanger particles 
(film diffusion)6. 

The differential equation of a film diffusion-controlled ion-exchange process 
is given’ for ions of arbitrary valency by 

(7) 

where 

Yl = z,c,/c; 
R’ = F DID,/ ‘YS C; 
F/V = surface to volume ratio of the ion exchanger, which for spherical 

particles = 3/r (r = particle radius); 
D,, Dt = diffusion coefficients, which are functions of the four diffusion co- 

efficients, D,,, describing isothermal diffusion in the corresponding 
ternary electrolyte solution involving the counter ions 1 and 2 and 
the common co-ion 3. They can be determined .by independent 
measurements, but as yet very few data are available; 

6 = film thickness. 

Inserting the boundary and initial conditions (eqns. 4 and 5) of differential batch ion- 
exchange processes, we obtain 

z,dG = R’. 4 WC - w (Zl Cl - 21 Cl.O)l cc - 21 Cl) - WZl (Cl - Go) Zl Cl 
C dt at Dz (C - 21 CI) + DI z1 C, 

(8) 

Eqn. 8 is the differential equation for the rate of uptake of I3 ions by the ion ex- 
changer. It can be solved analytically, but as the solution is rather complicated for 
practical applications, it will not be reproduced here. As a more convenient charac- 
terization of the time dependence of the ion-exchange reaction we will use the initial 
rate, (z,dC,/dt), =,,, with which each differential ion-exchange process starts at a given 
3/1,,,. This quantity is obtained from eqn. 8 as 

( =I G ) R’. 
a,fdc (C 

t=o = 
- 21 Cl,,) 

Cdt a: 02 (C - ZI CL,) + DI 21 Cl.0 
(9) 

or, in terms of the eq,uivalent fraction of the ions in the ion exchanger, as 
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d;jr, (4 Dl 
dt --= ,=o R’dc cdQ ) dt’ 

where Qr = z,C1 V = the total amount of ions, in milliequivalents, exchanged at 
time t by the sample and Qcot = C V is the total amount of exchangeable ions in the 
sample. The value of (dQJdt),_,, can be determined experimentally from the initial 
slope:of a graph of Q1 versus 1. 

Fig. 2. Initial rates of differential ion-exchange processes plotted as the dimensionless quantity 
(dQr/drLo* (Dl/Q,,,R’dc), according to eqn. 10, as a function of the initial equivalent fraction jj,.O 
of the ions in the sample. Pa’rameters are the separation factor ai and the diffusion coefficients Dz/D1. 
AC = constant. 

Several important characteristics of the initial rate of differential ion-exchange 
processes can be seen from eqn. 10 and from Fig. 2, where the dependence of the 
initial rate (plotted as the dimensionless quantity on the left-hand side of eqn. 10) 
on the initial composition jj 1,o of the ion exchanger is plotted as calculated according 
to eqn. 10; parameters in these plots are DJD, and a:: 

(1) The initial rate of each differential ion-exchange process is directly propor- 
tional to dc (i.e., to the amount of I3 ions added) and to R’ (i.e., to the surface to 
volume ratio of the ion exchanger). It is inversely proportional to the film thickness, 
6, which is determined mainly by the rate of agitation in the reaction vessel. 

(2) The initial rate of each differential ion-exchange reaction decreases if the 
ion exchanger contains initially more of the B ions to be taken up. 

(3) At a given initial composition of the ion exchanger and for given ions B 
and D (which determine the value of DJD,), the initial rate of a differential ion- 
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exchange process is faster if ai is high, i.e., if the B ions are taken up preferentially 
compared with the D ions. 

(4) Eqn. 10 and a comparison of the graphs in Fig. 2 show that the initial rate 
of each differential ion-exchange process increases as Dz/D1 decreases. 

Besides calculating, as above, the time dependence of the equivalent fraction 
of the ions in the ion exchanger during a differential reaction, it is even more revealing 
to calculate the time dependence of the fractional attainment, U, of the equilibrium 
of each process. U is defined as 

71 - PI 0 c/- Ccl--cl.o _ ’ 

1.m - Cl.0 7x4) - 71.0 
(11) 

Differentiation of eqn. 11 with respect to t yields 

dU 1 dQ, -=- .dVl - 
dt Y;.m - 71.o dt Q1.m !- QI.,, ‘dt 

(12) 

which also holds, of course, for the initial rates. As the initial rates (dF,/dt),=, are 
given by eqn. 10 and the extent 07, as a function of jjl,o by eqn. 6, the initial rate of 
U, i.e., (dU/dt) ,lo, can be calculated for each differential ion-exchange process. Ac- 
cording to eqn. 12, dU/dt is given by (dy,,/dt),=, divided by the extent Apl of each dif- 
ferential reaction. As both quantities decrease with increasing values of pl,o (see Figs. 
1 and 2), one can expect (dU/dt),=, to depend less on the initial composition of the 
ion exchanger than (dQ,/dt),=,. That this is indeed the case can be seen from Fig. 3, 
in which (dU/dt),=,*D,/R’Ac is plotted as a function of the initial composition of dif- 
ferential ion-exchange processes. The parameters are D2/D1 and CZ& The values of the 
constants are the same as used in Fig. 1. Again, the rates for the attai.nment of the 
fractional equilibrium U are higher if D2/D1 is small. 

201, 

Da/D, -0.5 

0 as 
%,a - 

I Dp/D, =2 

ai3 10 

05 

f- W 

Fig. 3. Initial rates of the fractional attainment of equilibrium of differential ion-exchange processes 
plotted as the dimensionless quantity ~dU/dt)t,oDI.iR’Ac according to eqn. 12 as a function of the 
initial equivalent fraction $&, of the ions in the sample. Parameters are the separation factor ai and 
the diffusion coefficients 4/D,. AC = constant. 
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Forward and reverse ion-exchartge rcactiork. As yet we have only considered 
differential ion-exchange processes, in which counter ions B were added to the ion 
exchanger of a given initial ionic composition pISo. The sample thus absorbed B ions 
and released D ions. In order to obtain the rate for the reverse ion-exchange reaction, 
in which D ions are added and B ions released by the resin, we must calculate 
(dQ,/dt),=, at the same initial ionic composition PI,,-, as for the-forward reaction. __..._.- + t -..-.. 
(dQ,/dt),=,is given byeqn. 10. (dQ,/dl),=, at 7 1,,, is obtained by exchanging in eqn. 10 
D2 and Dr and substituting a: = I/a: for a:, and 1 - jj,.O for jj,,O. We then obtain 

j (m/m=0 / = Q'"'/'dc .(I-__) ( 

2 1.0 a; 
p; ,D ) + B ,D 

1 2 1 2 
(13) 

The ratio of the initial rate of a differential forward reaction to that of the corre- 
sponding reverse reaction at the same initial ionic composition ylSo is obtained from 
eqns. 10 and 13 as 

> 
; dQ,!dr i = (1: (1 - R.0) 

-- 
“;1”;1”;1”;1”;1”;1”;l”;l”;l”;l”;l”;l”;l”Jdf ! t=o 

71.0 
(14) 

Fig. 4. Ratio of the initial rates of forward and reverse ion-exchange reactions as a function of the 
initial ionic composition j~,,~ of the sample according to eqn. 14. Parameter is the separation factor 
u& AC = constant. 
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As an illustration, this quantity is plotted in Fig. 4 for different values of CC: as a 
function of jjl,O. 

It can be seen that if the ion exchanger shows no preference for either B or D 
ions (a: = l), the forward reaction is faster than the reverse reaction provided that 
the initial value of p 1.0 is less than 0.5; if j+.O is greater than 0.5, the opposite is true. 
If the ion exchanger prefers the counter ion B compared with the counter ion D 
(a: > l), the forward reaction, in which B ions are taken up by the resin, will be faster 
(except at high values of 3r.J than the reverse reaction. If the ion exchanger shows a 
selectivity for the counter ion D compared with the counter ion B (al < I), the for- 
ward reaction, in which B ions are taken up, will be slower (except at low values of 
p,,,,) than the reverse reaction. Note that the ratio of the initial rate of the forward 
reaction to that of the reverse reaction, as given by eqn. 14, does not depend on either 
the diffusion coefficients or the concentration dc. As we kept the latter quantity con- 
stant for the forward and the reverse reactions, the extent of the forward reaction, 

LIZ, will be different from that of the corresponding reverse reaction, dT1, starting 
at the same initial ionic composition plWO. This can be taken into account by calcul- 
ating the ratio of the initial rates for attainment of the fractional equilibrium U for 
the forward and the reverse reaction, which are given at jj,,,, by 

(19 

?s the values of (dQll~)/(~Q~),= 0 are given by eqn. 14 and djj, by eqn. 6, (K/z)/ 

(dU,/dl),,, was calculated for different values of CC: using the values of djj, shown in 

Fig. 5. Ratio of the initial rates for the fractional attainment of equilibrium of forward and reverse 
ion-exchange processes as a function of the initial ionic composition j~.~ of the sample according to 
eqn. 15. Parameter is the separation factor a:. dc = constant. 
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Fig. 1. Note that if A$, for the forward reaction is taken at jj,,0 from the curve of a 

given value of a,, * the value of &, of the reverse reaction has to be taken from the 
curve of l/al at 1 - pl,O. The ratio of the rates of the forward and reverse reactions 
for the attainment of the fractional attainment U are shown in Fig. 5. It can be seen 
that if the ion exchanger shows no selectivity for the two counter ions (a: = 1), the 
forward and reverse rates for the attainment of fractional equilibrium U are identical. 
If the resin prefers the counter ions B compared with the counter ions D (a: > I), 
the rate of the forward reaction will always be higher than that of the corresponding 
reverse reaction. If the ion exchanger prefers the counter ions D compared with the 
counter ions B (al < l), the opposite will be true. 

Di’erential batcJ1 ion-exchange reactions, initiated by adding counter ions ahtvays in 
such amourlts tllat the extent of eacll ion-excJlange process remains constant (Ag, = 
constart 1) 

Equilibria. The ion exchanger particles of a given initial ionic composition 
y,,, are again stirred in pure water in a reaction vessel at time t = 0 as in the first 
section Equilibria. The amount of counter ions I3 added to this mixture however, is 
now, depending on the initial ionic composition of the resin, selected in such a way 
that the extent Ag, of each differential ion-exchange reaction is always the same. This 
means, in general, addition of increasing amounts of counter ions B as long as jj,,O 
increases. The exact amount of B ions to be added, i.e.. the value of AC as a function 
of the initial ionic composition 3 1,0 in order to achieve a given Ag,, can be calculated 
from eqn. 6. 

Rate equations. If we again use the initial and boundary conditions used in the 
first section Equilibria but now express the rate as a function of AT,, we obtain for the 
nitial rate of the uptake of B ions the equation 

dU (-) D1 
dt +o’ R’WC 

=(2!$) D1 
r=,,’ Qtol Ap, R’wC = 

[a: - (4 
= (1 - IL3 

- 1) (A% + h.o)l.(l - 71.0) 
- A%) [a; (Dz/D,) (1 - y,.o) + ?I,,,] 

(16) 

As dU/dt and dQ/dt differ in this case only by a constant factor, it is sufficient to show 
in Fig. 6 only the dependence of dU/dt as a function of pl.,, for different values of 
ai and Dz/D1, as calculated according to eqn. 16. As one can see from these figures 
(calculated for differential ion-exchange reactions of Apl = O.OS), the rates at low 
values of PI,,, can, depending on the values of aA and l&/D,, either increase or decrease 
with increasing values of 31.0. All curves converge, however, asymptotically to in- 
finitely high rates at pleO = 0.95, because at this point the addition of an infinite 
amount of counter ions B to the solution would be required in order to convert the 
sample by a further step of AT, = 0.05 completely into the B form (p,,W = 1). This 
is, however, an unrealistic case, because at such high concentrations, film diffusion 
would no longer be the rate-determining step. 

Forward and reverse ion-exclrange reactions. The ratio of the rates of the for- 
ward and reverse reactions at the initial ionic composition jjl.,, is obtained in the same 
way as in the first section Forward and reverse ion-exchange reactions, and one ob- 
tains 
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0 0.5 1.0 0 
F 

0.5 1.0 
CO- &o - 

Fig. 6, Initial rates for the fractional attainment of equilibrium of differential ion-exchange processes 
plotted as the dimensionless quantity (dU/dt),,o- DJR’wC as a function of the initial equivalent 
fraction 3,,0 of the ions in the sample (eqn. 161. Parameters are the separation factor ~4 and the dif- 
fusion coefficients DIIDz. 43, = constant = 0.05. 

x 4 (1 - 4) + a: (1 - 71.0) + 71.” 
&l (a: - 1) + a; (1 - fl.0) + j&J (17) 

i.e., a quantity that again is independent of the diffusion coefficients. 
The ratio of the rates of the forward and reverse reactions, as calculated ac- 

Fig. 7. Ratio of the initial rates for the fractional attainment of equilibrium of forward and reverse 
ion-exchange reactions as a function of the initial equivalent fraction j+,. of the ions in the sample 
(eqn. 17). Parameter is the separation factor uj. A?, = constant = 0.05. 
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cording to eqn. 17 for a value of 07, = 0.05, is shown in Fig. 7 as a function of Y,,~ 
for different values of a:. 

As expected, the-rate of the forward reaction is higher than that of the reverse 
reaction if $jISO is larger than about 0.5, because in order to convert the ion 
exchanger further towards the B form, a higher concentration of these ions in solution 
is necessary compared with the ion-exchange reaction in which the resin is converted 
by the same amount towards the D form. If p ,,,_, is less than about 0.5, the opposite 
behaviour is found. The selectivity of the ion exchanger, i.e., the value of ai, in this 
case has a comparatively small influence on the shape of the curves. At PI,,-, = 0.95 
and 0.05, the rate of the forward reaction compared with that of the reverse reaction 
becomes infinite and zero, respectively, for reasons which were explained in the previ- 

ous section. If Ayl approaches zero, I(d/&)/(&E)l,=, approaches unity. 

DISCUSSION 

In all of the above figures, in which the dependence of the rates of differential 
ion-exchange processes on the initial ionic composition pI,O of the sample is shown, 
the equivalent separation factor ai was, for simplicity, always assumed to be inde- 
pendent of pr,,,. In many experiments, more complicated behaviour will be observed, 
however. In this case one can, nevertheless, apply all of the above rate equations be- 
cause, and this is the advantage of considering only differential ion-exchange pro- 
cesses, within the small range A? of each reaction, ai can still be considered to be con- 
stant, although different for different values of jjji,,,. 

A similar situation arises for the diffusion coefficients D1 and & As the four 
diffusion coefficients D,, in the ternary solution of the film, which determine the values 
of D1 and DZ (eqn. 18 in ref. 7), depend to some extent on the equivalent fractions, 
D1 and D2 are not strictly constant. This effect, however, probably need be con- 
sidered only if the counter ions involve H+ ions. 

Finally, if one compares experimental results for forward and reverse reac- 
tions with the above theoretical predictions, one should first check if both reactions 
are actually film diffusion-controlled. As pointed out by Helfferich6, the rate-deter- 
mining step of forward and reverse reactions need not necessarily always be the same. 

Preliminary experimental results obtained in our laboratory are in satisfactory 
accordance with the above theory. 
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